We have investigated energies, magnetic dipole hyperfine structure constants (A hyf ) and electric dipole (E1) matrix elements of a number of low-lying states of the triply ionized tin (Sn 3+ ) by employing relativistic coupled-cluster theory. Contributions from the Breit interaction and lowerorder quantum electrodynamics (QED) effects in determination of above quantities are also given explicitly. These higher-order relativistic effects are found to be important for accurate evaluation of energies, while QED contributions are seen to be contributing significantly to the determination of A hyf values. Our theoretical results for energies are in agreement with one of the measurements but show significant differences for some states with another measurement. Reported A hyf will be useful in guiding measurements of hyperfine levels in the stable isotopes of Sn 3+ . The calculated E1 matrix elements are further used to estimate oscillator strengths, transition probabilities and dipole polarizabilities (α) of many states. Large discrepancies between present results and previous calculations of oscillator strengths and transition probabilities are observed for a number of states. The estimated α values will be useful for carrying out high precision measurements using Sn 3+ ion in future experiments.
I. INTRODUCTION
The spectra of medium to highly charged ions have aroused considerable interest in recent years for their applications in fundamental physics such as in search for variation of fundamental constants [1] , development of high precision optical frequency standards [2] [3] [4] , establishing very long-baseline interferometery for telescope array synchronization, development of extremely sensitive quantum tools for geodesy [5, 6] , astronomy [7, 8] and plasma physics [9] [10] [11] . Despite the well-understood nature of the force that binds these charged ions, highly accurate calculations of their properties are difficult and relatively sparse. In the present work, we have considered medium charged Sn 3+ ion from Ag-like isoelectronic sequence for theoretical investigation of various spectroscopic properties. For this ion both Coulomb interactions and relativistic effects will be equally important to obtain its properties accurately. We have carried out calculations by including these interactions in the relativistic coupled-cluster (RCC) theory.
Theoretical calculations and measurements of energies of ground and some of the low-lying states of Sn 3+ are available in literature [12] [13] [14] [15] [16] [17] . Scheers et al. [12] obtained optical spectra of Sn 3+ from a laser produced plasma. In the same work they also made relativistic Fock-space coupled-cluster (FSCC) calculations of the measured en- * bindiya.phy@gndu.ac.in † cbli@wipm.ac.cn ‡ bijaya@prl.res.in ergy levels. Safronova et. al. [18] presented Ag-like isoelectronic sequences and showed that they satisfy the criteria for experimental exploration in many fields of physics. Safronova et. al. [17] used relativistic manybody perturbation theory (RMBPT method) to determine energies and lifetimes of the 4F j , 5P j and 5D j states in Sn 3+ . Only a few spectroscopic studies of some of the low lying states of Sn 3+ have been carried out [17, 19, 20] . Safronova et al. [17] had determined oscillator strengths for the 5S j −5P j ′ , 5P j −5D j ′ , 4F j −5D j ′ and 4F j − 5G j ′ transitions using RMBPT method. Biswas et al. [19] had estimated transition properties for 33 lines of Sn 3+ using the relativistic coupled-cluster (RCC) theory. In their analysis corrections due to Briet and quantum electrodynamics (QED) effects such as the electron selfenergy and vacuum polarization interactions were omitted. The oscillator strengths of a few transitions are given by Cheng and Kim [20] using multi-configuration Dirac-Fock (MCDF) method. There have been a few measurements of the lifetimes of some of the states of Sn 3+ [21] [22] [23] using the beam foil technique. Lifetime calculation of few excited states of Sn 3+ have been made by Cheng et al. [20] using relativistic Hartree-Fock method and Pinnington et al. [23] using Coulomb approximation.
In this work, we intend to investigate roles of electron correlation effects and higher-order relativistic corrections using RCC theory for accurate calculation of various properties in Sn 3+ . For this purpose, we present energies and magnetic dipole hyperfine structure constants (A hyf ) of the nS 1/2 (n = 5 − 9), nP 1/2,3/2 (n = 5 − 9), nD 3/2,5/2 (n = 5 − 9) and nF 5/2,7/2 (n = 4, 5) states of Sn 3+ . Accurate determination of A hyf values are very sensitive to the relativistic effects owing to its origin from atomic nucleus [24] . We have also determined electric dipole (E1) matrix elements among the above states. Using these elements, we further determine transition probabilities and oscillator strengths for many transitions. Additionally, we estimate lifetimes and static dipole polarizabilities of many states. A comparison between some of our theoretical calculations and other experimental and theoretical values available in the literature is also presented. Spectroscopic investigations of Sn ions carried out in this work have potential applications in laser produced plasmas (LPPs) [9, [25] [26] [27] , future thermonuclear fusion reactors [28] [29] [30] and their discovery in various stellar and interstellar atmospheres [31] [32] [33] [34] [35] [36] [37] . Our results on A hyf values and dipole polarizabilities will be useful for comprehensive understanding of roles of electron correlation effects and higher-order relativistic effects in their determination by comparing them with the experimental values when available in future. In Secs. II, III and IV, we present theory and method of calculations, the results and discussion, and the conclusions subsequently.
II. THEORY AND METHOD OF CALCULATIONS
We use the RCC theory with the singles and doubles excitations approximation (RCCSD method) (e.g. see Refs. [38] [39] [40] ) to determine the wave functions of the ground and excited states of the Sn 3+ ion. In this approach, we first obtain the Dirac-Hartree-Fock (DHF) wave function (|Φ 0 ) for the closed core of Sn 4+ then append the respective valence orbital (v) of the ground or excited state as |Φ v = a † v |Φ 0 to define the DHF wave function of Sn 3+ (also known as V N −1 potential). Considering this DHF wave function as starting point, the exact atomic wave function (|Ψ v ) is determined by expressing it in the RCC theory as
where the RCC operators T and S v are responsible for carrying out excitations of the core, and core and valence electrons respectively from the DHF wave functions due to the correlation effects. In the RCCSD method, these RCC operators can be given in the second quantization notations as
and
where a, b and p, q indices represent the occupied and unoccupied orbitals, respectively, and η are the corresponding excitation amplitudes. These amplitudes are solved by using the following equations
and (5) whereH N ≡ e −T He T with the atomic Hamiltonian H and subscript N means normal order form with respect to the reference state |Φ 0 . The superscripts K and L indicate K th and L th excited determinants with respect to |Φ 0 and |Φ v , respectively. Here, E DHF and E 0 are the DHF and total energies of the closed core, and E v is the total energy of the considered state of Sn 3+ containing the valence orbital v. Therefore, evaluation of E v − E 0 will give the electron affinity of the corresponding valence orbital v.
For the calculations, we consider first the Dirac-Coulomb (DC) Hamiltonian given by
where c is the speed of light, α and β are the usual Dirac matrices, p i is the single particle momentum operator, V n (r i ) denotes the nuclear potential, and 1 rij represents the Coulomb potential between the electrons located at the i th and j th positions.
We investigate the Breit interaction contribution by including the following potential in the atomic Hamiltonian
wherer ij is the unit vector along r ij . Contributions from the QED effects are estimated by considering the lower-order vacuum polarization (VP) interaction (V V P ) and the self-energy (SE) interactions (V SE ). We account for V V P through the Uehling [42] and Wichmann-Kroll potentials (V V P = V Uehl + V W K ) given by
respectively, with the electron density over the nucleus as ρ n (r) and the atomic number of the system as Z.
The SE contribution V SE is estimated by including two parts as . The theoretical values obtained in this work using DHF and RCCSD methods are presented. The "Total" column lists the sum of the RCCSD calculations including Breit interaction (δBreit) and QED effects (δQED). A comparison to theoretical values using relativistic many-body perturbation theory (RMBPT) calculations [17] and Fock space coupled-cluster (FSCC) calculations [12] is listed. The experimental values obtained in Ref. [12] , [15] and [16] are compared. Uncertainties are presented in the parentheses whereas only statistical uncertainty is presented in parentheses for the experimental results from Ref. [15] . known as effective electric form factor part and
known as effective magnetic form factor part. In the above expressions, we use [43] A l = 0.074 + 0.35Zα e for l = 0, 1 0.056 + 0.05Zα e + 0.195Z 2 α 2 e for l = 2,
The integrals are given by
with the orbital quantum number l of the system, x = (Z − 80)α e , r A = 0.07Z 2 α 3 e , and the exponential integral 
for the normalization factor ρ 0 , the half-charge radius b, and a = 2.3/4(ln 3) is related to the skin thickness. We have determined b using the relation
with the root mean square (rms) charge radius of the nucleus evaluated by using the formula
in fm for the atomic mass A. some more lines are required giving details how from the Hamiltonian wavefunctions are obtained. After obtaining the atomic wave functions, we evaluate reduced matrix elements of an operator between states |Ψ k and |Ψ i from the following RCC expression
where
For the evaluation of expectation value, both the states are taken to be same. The calculation procedures of these expressions are discussed in detail elsewhere [39, 40] . Next we discuss in brief the method used for calculation of hyperfine structure constant, transition probability, lifetime and dipole polarizability.
Hyperfine structure constant (A hyf ): For isotopes with nuclear spin I = 1/2, the hyperfine levels of an atomic state can be expressed as
Here F = I ⊕ J with the total angular momentum J and 
where µ N is the nuclear Bohr magneton, g I = µI I with the nuclear magnetic moment µ I and O (1) hyf is the electronic component of the spherical tensor describing hyperfine interaction in an atomic system.
Transition probability (A ik ) and lifetime (τ i ): The transition probabilities from upper level i to lower level k are obtained from the reduced matrix elements of electric dipole (E1) operator (D) by using the following standard expression [44] A ik = 2.02613 × 10 18
and the emission oscillator strengths are given by [44] f ik = − 303.756
where λ is the transition wavelength expressed inÅ, g i is the degeneracy factor for the i th state, and Ψ i ||D||Ψ k are used in atomic units (a.u.) to obtain A ik in s −1 . From Eq. (23), the absorption oscillator strengths can be deduced using the relation
The lifetime of the i th level is the inverse of the sum of the transition probabilities arising from all the low-lying levels and is given as
It is to be noted here that we have neglected contributions from the forbidden channels to determine the lifetimes of the investigated atomic states as they are found to be extremely small. (20) depends upon the dipole matrix elements and energies E, can be expressed as
Carrying out tensor decomposition, it can be divided into three parts as [45, 46] 
where q = 0 and 2 represent scalar and tensor polarizabilities, respectively, and the notations c, cv, and v in the subscript correspond to core, core-valence, and valence correlations, respectively. The core contributions to the tensor component of polarizability is zero. The scalar component contributes to all the atomic states whereas the tensor component contributes to the states with total angular momentum j > 1/2. It should be noted that α in the considered states of Sn 3+ . This contribution can be estimated to very high accuracy in the sum-over-states approach using the formula
with N c as the number of occupied orbitals and the coefficients as
In the above approach, we break the valence contribution into two parts: contributions from low-lying k states up to which we can determine Ψ n ||D||Ψ k matrix elements using the RCCSD method and experimental energies E i s from Moore energy table [16] , which are labeled as "Main(α (q) n,v )", and contributions from higher excited states, denoted as "Tail(α (i) n,v )", are estimated using the DHF method. Similarly, the core-valence contributions α (0) n,cv is also obtained using the DHF method using the expression
and 
State
Main(α However, we have adopted relativistic random phase approximation (RPA method), as discussed in Ref. [47] , to evaluate α (0) v,c from the closed core.
III. RESULTS AND DISCUSSION
In Table I , we have provided the calculated energy values (in cm −1 ) of many states of Sn 3+ from the DHF and RCCSD methods. The fourth and fifth columns, respectively, represent the corrections in energy values due to the Breit interaction and QED effects. The final results along with uncertainties are quoted as "Total" in the same table. The uncertainties are estimated by analyzing contributions from the neglected triples excitations in the perturbative approach. From the present calculations, we see that the Briet interaction corrections to energies in Sn 3+ are large as compared to QED cntributions; especially for the S 1/2 , P 1/2 and P 3/2 states. The contributions from these two corrections, however, have comparable influence for the other states. This could be due to the fact that wave functions of these states penetrate less inside the nucleus. A comparison of our theoretical energy values obtained using the RCCSD method is presented with other available theoretical calculations from the Fock-space coupled-cluster (FSCC) method [12] and RMBPT [17] in the same table. A reasonable agreement between our and other theoretical values is found. We compare our results for energy levels of the considered states with the experimentally available energy data from Ref. [12] in second last column of the same table. The values in the parantheses are the statistical uncertainties in their measurements so it will inappropriate to compare our results without actual experimental error bars. On the other hand we notice that the other experimental measurements by Ryabtsev et al. [15] and C. Moore [16] endrose our theoretical calculations very well.
We present A hyf /g I values in Table II for all the calculated states as mentioned above. We give these values from the DHF and RCCSD methods along with corrections from the Breit and QED interactions. We have also quoted rough estimation of uncertainties to some of these quantities from valence triple excitations adopting perturbative approach. These values may change significantly if full triples are taken into account. By combining the final results of A hyf /g I with the g I values of three stable isotopes with A = 115, 117 and 119, of Sn we give A hyf values of the 115,117,119 Sn 3+ ions in the same table. Here, we have neglected slight differences in the A hyf /gI values due to different isotope masses. We propose experiments for measurement of hyperfine levels of 115,117,119 Sn 3+ ions in future to validate our calculations. These results can be further improved by considering full triple excitations in the RCC theory.
Transition probabilities for as many as 155 transition lines are obtained for Sn 3+ in our present work. A few of these transitions for which comparison from previous literature is available are listed in column 4 of Table III . The transition probabilities for other transitions are tabulated in supplementary material. In the same table we also present the corresponding absorption oscillator strengths (f ki ) from the present work and previously reported theoretical values from Ref. [19] in columns 5 and 6 respectively. Our calculated values of oscillator strengths are also compared with previously reported theoretical results by Safronova et. al [17] and other literature in the last two columns of the same table. The oscillator strengths calculated by Biswas and co workers [19] , who also use RCCSD method, are gen-erally in good agreement with our results but unusually large discrepancies were found among few transitions. For instance, the oscillator strength values for 5D j − 5P 3/2 transition by them differ from our calculations by approximately 12% and 14% respectively. A similar inconsistency is observed for 6D j − 5P j ′ oscillator strengths. These discrepancies are attributed to the disagreement in matrix elements values for these transitions (see table I in supplementary material for a comparison of matrix elements). A close inspection of the oscillator strengths of transitions 7S 1/2 − 5P 1/2,3/2 and 7S 1/2 − 6P 1/2,3/2 given by Biswas et al. [19] points out that results for the 7S 1/2 − 6P 3/2 transition are not correct because of the following simple reason. Assuming that radial component of the wavefunctions between the 5P 1/2 and 5P 3/2 states, and also between the 6P 1/2 and 6P 3/2 states are almost similar, the E1 matrix elements between the 7S 1/2 − 5P 1/2 and 7S 1/2 − 5P 3/2 transitions and also between the 7S 1/2 − 6P 1/2 and 7S 1/2 − 6P 3/2 transitions should differ mainly because of the angular factors. As seen both Biswas et al. [19] and we have obtained similar matrix elements between the 7S 1/2 − 6P 1/2 and 7S 1/2 −6P 3/2 transitions; which differ by one and half times approximately. Therefore, a similar factor difference between the E1 matrix elements of the transitions 7S 1/2 − 5P 1/2 and 7S 1/2 − 5P 3/2 is expected. We believe that our results are more reliable and they match well with the other available literature. For the 5D j − 5P j ′ transitions, the oscillator strengths are in agreement with the value given in Ref. [13] which are evaluated using the core-potential in the Dirac-Fock (DF + CP) method. In Ref. [14] oscillator strengths for the 5P j − 5S 1/2 transitions are calculated employing CI method and our values are in good agreement with their numbers. We notice remarkable agreement of our results with the values calculated in Ref. [17] using RMBPT. Our oscillator strengths for the 4F 5/2 − 5D 3/2 and 4F 7/2 − 5D 5/2 transitions are not in agreement with the results from the calculations of Cheng and Kim [20] . They used relativistic Hartree-Fock method whereas our calculations are based on the RCC method which includes correlation corrections to all orders. Our oscillator strength for the 6S 1/2 − 5P 3/2 transition is very close to the experimental result of Pinnington et al [23] which is measured using beam foil technique.
In Table IV , estimation of lifetimes for the ground and few excited states along with a comparison with other available literature is presented. Theoretical calculations for lifetimes of various states are available in Refs. [17, 19, 20, 23] . In Ref. [19] authors use the CCSD method, whereas RMBPT and DF + CP methods are employed for calculations in Ref. [17] and Ref. [20] respectively. Theoretical calculations from Ref. [23] are obtained assuming LS coupling and Coulomb-approximation radial wave functions. In general Coulomb approximation is only strictly valid for highly excited states with nonpenetrating wave functions. Hence, it is not a match for our sophisticated calculations using the CCSD method. Our calculations match very well with these theoretical results. Experimental lifetime measurements for some states of Sn 3+ using beam foil technique are available in literature [22, 23] . Our calculations mostly show agreement with the experimental results within the experimental uncertainties except for discrepancies at few places. We notice discrepancies between our lifetime calculations and measurements from Pennington [23] for 5D and 6D states. Similarly, our results for the 5P 1/2 and 5D states are not consistent with the measurements in Ref. [22] , but they match well with other theoretical and experimental investigations. Therefore, it calls for more theoretical and experimental investigations for the lifetimes of these states in Sn 3+ .
In Table V , calculated values of the static scalar dipole polarizabilities for the nS 1/2 (n=5-9), nP 1/2,3/2 (n=5-7) and nD 3/2,5/2 (n = 5, 6) are listed. In the same table the values of static tensor dipole polarizabilities for the nP 3/2 (n=5-7) and nD 3/2,5/2 (n = 5, 6), are also tabulated. The dominant "Main" contributions to the valence correlation for the scalar and tensor dipole polarizabilities are presented along with the "Tail" parts. The core contribution has been calculated using RPA and is found to be 2.264 a.u.. The contributions of valence core correlations are realized to be very small and thus, they have been excluded from the table. It is found in our calculations that Sn 3+ in its ground state will not response much to the electric field as shown by a small value of static scalar polarizability (α (0) v = 9.53 a.u.). This small α (0) v value is owing to very large energy differences between the ground and 5P states leading to very less contribution to the polarizability from the primary 5S 1/2 − 5P 1/2,3/2 transitions.
IV. CONCLUSION
In summary, theoretical results of energies, magnetic dipole hyperfine structure constants (A hyf ) and electric dipole (E1) matrix elements of many low-lying states of the Sn 3+ are presented. Transition probabilities and oscillator strengths of 155 spectral lines arising from the nS 1/2 (n = 5 − 9), nP 1/2,3/2 (n = 5 − 9), nD 3/2,5/2 (n = 5 − 9) and nF 5/2,7/2 (n=4,5) states along with radiative lifetimes for the 18 levels and static dipole polarizabilities of the 15 states have been determined. These values were obtained by employing relativistic couple-cluster theory with singles and doubles approximation. The estimated transition probabilities, oscillator strengths, and radiative lifetimes are generally found to be in good agreements with the available experimental data. The reported polarizability results for Sn 3+ can be useful in estimating systematics for carrying out high precision spectroscopic measurements in this ion.
